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Abstract
We investigate the quantization of the bosonic string model which has a local
U(1)V×U(1)A gauge invariance as well as the general coordinate and Weyl invariance
on the world-sheet. The model is quantized by Lagrangian and Hamiltonian BRST
formulations a´ la Batalin, Fradkin and Vilkovisky and noncovariant light-cone gauge
formulation. Upon the quantization the model turns out to be formulated consistently
in 26+2-dimensional background spacetime involving two time-like coordinates.
1 Introduction
It is the purpose of this paper to cast some further light upon constructions of theories
involving two time coordinates. To consider the physics which has more than two time
coordinates might be a clue to understand the origin of time and spacetime.
Several theories constructed on spacetime with two time coordinates are investigated
from various viewpoints, such as F-theory [1], two-time physics [2] and 12-dimensional
super Yang-Mills theory [3]. F-theory is proposed by Vafa as an extended concept of string
theory and constructed by using field theory of super (2,2)-brane [4] with 10+2-dimensional
background spacetime. The two-time physics is proposed by Bars as a device for searching
a unified theory and developed by himself and his collaborators [5]. In this context, string-
particle systems are proposed [6] from string theory point of view. By introducing constant
null vectors in background spacetime into the formulation, the 12-dimensional super Yang-
Mills theory [3] is also proposed.
Some years ago, one of the authors (Y.W.) had proposed a model which has a U(1)V×
U(1)A gauge symmetry in two-dimensional spacetime [7]. The striking feature of this
model is that there exists a negative norm state in two-dimensional spacetime as the same
as string theories [7]. Using the U(1)V×U(1)A gauge symmetry he also proposed string
models which have two time-like coordinates in ref. [8]. These models have the U(1)V×U(1)A
gauge symmetry or a supersymmetric version of the U(1)V×U(1)A gauge symmetry on the
two-dimensional world-sheet. The background spacetimes of the U(1)V×U(1)A bosonic and
superstring model might be 26+2 and 10+2 dimensions, respectively. In ref. [9] manifest
covariant formulations of the string models are given.
We in this paper further study the U(1)V×U(1)A string model. In particular, it would
be obviously important to explicitly carry out the quantization, so that we can argue not
only the critical dimension but also the mass spectrum at the quantum level. Since many
concepts in string theories are presented in bosonic models, we focus our attentions on the
bosonic U(1)V×U(1)A string model in this paper. A quantization of the superstring model
based on our framework will be discussed in an additional work elsewhere [10].
The U(1)V×U(1)A string model is constructed as gauge field theory on two-dimensional
world-sheet [8]. Although the similar models were investigated in refs. [6,11], an advantage
of the formulation of our model is its manifest covariant expression in the background
spacetime by using the U(1)V×U(1)A gauge symmetry [9], so that in this paper we can
easily carry out the quantization with preserving the covariance. The U(1)V×U(1)A gauge
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symmetry is essential in our model. In constructing the covariant action, the generalized
Chern-Simons action [12] proposed by Kawamoto and one of the authors (Y.W.) as a new
type of topological action plays an important key role.
There are two remarks in quantizing our model. Firstly the action has a reducible sym-
metry which originally arises from symmetric structures of the generalized Chern-Simons
action [13]. Secondly the gauge algebra is open. In the covariant BRST quantization of
the system including reducible and open gauge symmetry, we need to use the formulations
developed by Batalin, Fradkin and Vilkovisky [14, 15]. By adopting these methods we
explicitly show the covariant quantizations are successfully carried out in the Lagrangian
and the Hamiltonian formulations.
In order to treat the dynamics of our model more directly, we also quantize the model
in noncovariant light-cone gauges. The suitable noncovariant gauge conditions can be
imposed by residual symmetries of the U(1)V×U(1)A gauge symmetry and we can then
solve all of the gauge constraints explicitly. We can also confirm that the existence of
two time-like coordinates is not in conflict with the unitarity of the theory, since the two
time-like coordinates are required by our “gauge” symmetry.
As an important feature of quantum string models, we can argue the critical dimension
of the background spacetime. In usual bosonic string theories, the critical dimension is
25+1 [16, 17, 18], which is estimated by the BRST [19, 20] and the light-cone gauge for-
mulation [21]. For our bosonic model, the critical dimension turns out to be 26+2. We
obtain this result directly from both the BRST and the noncovariant light-cone gauge
formulations.
This paper is organized as follows: We first introduce the U(1)V×U(1)A string model
and explain semiclassical aspects of the model in Section 2. The preparation for the
quantization is also given in this section. We present the covariant quantization based on
the Lagrangian formulation in Section 3. In this section we investigate the perturbative
aspect of the quantized model and determine the critical dimension of our U(1)V×U(1)A
string model. In Section 4 the covariant quantization of the same model is carried out in
the Hamiltonian formulation. By taking suitable gauge fixing conditions we reproduce the
same gauge-fixed action in the Lagrangian formulation. We also obtain the BRST charge
in this section. The quantization under noncovariant light-cone gauge fixing conditions is
carried out in Section 5. We then study the symmetry of the background spacetime and
obtain the same critical dimension by direct computation of the full quantum Poincare´
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algebra. We also present a mass-shell relation of the model and give low energy quantum
states. Conclusions and discussions are given in the final section. Appendixes A and B
contain our conventions. We also exhibit the BRST formulation of U(1)V×U(1)A model
without two-dimensional gravity in Appendix C.
2 U(1)V×U(1)A bosonic string model
2.1 Classical action and its symmetries
The U(1)V×U(1)A bosonic string model [8] described by two-dimensional field theory
consists of D scalar fields ξI(x), an Abelian gauge field Am(x) and the metric gmn(x). The
two-dimensional spacetime coordinates are xm (m= 0, 1) and the signature of metric is
(−,+). Our conventions are given in Appendix A. The scalar fields ξI(x) are considered
to be string coordinates in D-dimensional flat background spacetime with the background
metric:
ηIJ = η
IJ =

−1 (I = J = 0)
1 (I = J = i, i = 1, 2, . . . , D − 3)
−1 (I = J = 0̂)
1 (I = J = 1̂)
0 (otherwise)
(2.1)
The indices I and J run through 0, 1, 2, . . . , D−3, 0̂, 1̂. As we will explain, the unitarity as a
two-dimensional field theory requires two negative signatures to the background metric ηIJ ,
because the U(1)A gauge transformation as well as the general coordinate transformations
removes a negative norm state. At the quantum level the absence of conformal anomaly
requires D=28, however, we need not specify the value of D at the classical level.
The covariant action of the present model [9] is
S =
∫
d2x
√−g
(
− 1
2
gmn∂mξ
I∂nξI + A˜
mφI∂mξ
I
)
+ SGCS, (2.2)
where
g(x) =det gmn(x),
√
−g(x) A˜m(x) = εmnAn(x).
The action SGCS is the generalized Chern-Simons action which is formulated in two-
dimensional spacetime [12]
SGCS =
∫
d2x
√−g
(
B˜mI∂mφI − 1
2
C˜φIφI
)
, (2.3)
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where √
−g(x) B˜mI(x) = εmnBIn(x) ,
√
−g(x) C˜(x)= 1
2
εmnCmn(x) .
The fields φI(x), BIm(x) and Cmn(x) are introduced for the purpose that the action S has
the covariant form in the background spacetime. A derivation of the action (2.3) from the
original generalized Chern-Simons action has been given in the paper [9].
The action (2.2) is invariant under the following U(1)V×U(1)A gauge transformations,
δξI = v′φI ,
δA˜m =
εmn√−g∂nv + g
mn∂nv
′,
δB˜mI = − v ε
mn
√−g∂nξ
I + v′gmn∂nξ
I , (2.4)
δC˜ = ∂mv
′A˜m − v′∇mA˜m,
δφI = δgmn = 0,
where the parameters v(x) and v′(x) correspond to the vector U(1) transformation “U(1)V”
and the axial vector U(1) transformation “U(1)A”, respectively. Since the generalized
Chern-Simons action is invariant under nontrivial gauge transformations, the action (2.2)
is also invariant under these gauge transformations with gauge parameters uI(x) and√
−g(x) w˜m(x) ≡ εmnwn(x),
δB˜mI =
εmn√−g∂nu
I − w˜mφI ,
δC˜ = ∇mw˜m, (2.5)
δξI = δA˜m = δφI = δgmn = 0.
The action (2.2) is invariant under the general coordinate transformations and the Weyl
transformation
δξI = kn∂nξ
I ,
δA˜m= kn∂nA˜
m − ∂nkmA˜n + 2sA˜m,
δB˜mI = kn∂nB˜
mI − ∂nkmB˜nI + 2sB˜mI ,
δφI = kn∂nφ
I ,
δC˜ = kn∂nC˜ + 2sC˜,
δgmn= k
l∂lgmn + ∂mk
lgln + ∂nk
lgml − 2sgmn,
(2.6)
where kn(x) are parameters for the general coordinate transformations and s(x) is a scaling
parameter for the Weyl transformation.
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Here it is worth to mention about some algebraic structures of the symmetry. The first
is the reducibility of the symmetry. The system is on-shell reducible because the gauge
transformations (2.5) have on-shell invariance under the following transformations of the
gauge parameters with a reducible parameter w′(x),
δ′uI =w′φI ,
δ′w˜m=
εmn√−g∂nw
′.
(2.7)
Since the transformations (2.7) are not reducible anymore, the action (2.2) is called a first-
stage reducible system. The on-shell reducibility is the characteristic feature of the gauge
symmetry (2.5) for the generalized Chern-Simons action and the quantization of such a
system has been discussed in the previous works [13]. The second is that the gauge algebra
is open. This means that the gauge algebra closes only when the equations of motion are
satisfied. Actually, a direct calculation of the commutator of two gauge transformations
on B˜mI(x) leads to
[δ1, δ2]B˜
mI = · · · − (v′1v2 − v′2v1)
εmn√−g∂nφ
I ,
where the dots (· · ·) contain terms of the usual “structure constants” of the gauge algebra.
From the points of view of these structures of the gauge symmetry we adopt the Batalin-
Fradkin-Vilkovisky formulation [14, 15] which allows us to deal with reducible and open
gauge symmetries to obtain covariant gauge-fixed theories.
2.2 Semiclassical aspects
Before getting into the quantization of the system, we present semiclassical aspects of the
action (2.2) by eliminating gauge fields through their equations of motion. Indeed, this
manipulation might be helpful to understand the heart of the model.
First, equations of motion for the fields B˜mI(x) and C˜(x) give constraints
∂mφI =0,
φIφI =0.
(2.8)
The nontrivial solution for these constraints is possible if the background spacetime metric
includes two time-like signatures (2.1). In the light-cone notation∗, one of the interesting
∗We use a convention of the light-cone coordinates for the background spacetime as xI = (xµ, x+ˆ, x−ˆ)
where x±ˆ = 1√
2
(x0ˆ ± x1ˆ) and the index µ runs through 0, 1, . . . , D − 3.
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solutions, which is naturally related with the usual string action, is φ−ˆ(x) = φµ(x) = 0 and
φ+ˆ(x) = const.. By substituting this solution into the classical action (2.2), the action S
becomes
S =
∫
d2x
√−g
(
− 1
2
gmn∂mξ
I∂nξI − A˜mφ+ˆ∂mξ−ˆ
)
. (2.9)
In the action (2.9) a relation ∂mξ
−ˆ(x) = 0 is given by the equation of motion for A˜m(x).
Then, the final form of the action becomes the usual string action
S =
∫
d2x
√−g
(
− 1
2
gmn∂mξ
µ∂nξµ
)
. (2.10)
Thus, the string action (2.10) is regarded as a gauge-fixed version of the action (2.2). The
scalar fields φI(x) play an important role for the covariant formulation of the U(1)V×U(1)A
string model in the background spacetime which involves two time-like coordinates.†
From the above manipulation it is suggested that the critical dimension of the back-
ground spacetime is defined as D−3 = 25, i.e. D = 28. However the dimensions D should
be determined in the quantum analysis as we will investigate on this paper. We also want
to emphasize that the quantization will be carried out with preserving D-dimensional co-
variance.
2.3 Preparation for the quantization
In order to carry out the quantization of the model smoothly, we here introduce new D
scalar fields φ¯I(x) by replacing B˜mI(x) as
B˜mI −→ B˜mI − gmn∂nφ¯I .
Because of the above replacement, a new gauge symmetry with a gauge parameter u′I(x),
δB˜mI = gmn∂nu
′I ,
δφ¯I =u′I ,
(2.11)
appears. Then, the action (2.2) is modified to
S =
∫
d2x
√−g
(
− 1
2
gmn∂mξ
I∂nξI − gmn∂mφ¯I∂nφI
+ A˜mφI∂mξ
I + B˜mI∂mφI − 1
2
C˜φIφI
)
. (2.12)
†Using this method, the noncovariant quantization of the models with an extra time coordinate was
done in [6, 11]. Their models are similar to our model, but do not contain the U(1)V×U(1)A gauge
symmetry.
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Together with the gauge symmetry (2.5) the new gauge symmetry (2.11) constructs another
U(1)V×U(1)A gauge symmetry on the gauge fields B˜mI(x). In particular, these U(1)V×U(1)A
gauge symmetries turn out to be helpful for the covariant quantizations.
In addition to the gauge symmetry (2.4)-(2.6) and (2.11), the action (2.12) is also
invariant under the following global transformations,
δξI = ωIJξ
J + aI ,
δA˜m = rA˜m +
2g∑
i=1
αih
m
(i),
δφI = −rφI + ωIJφJ ,
δφ¯I = rφ¯I + ωIJ φ¯
J , (2.13)
δB˜mI = rB˜mI + ωIJB˜
mJ +
2g∑
i=1
(βIi + αiξ
I)hm(i),
δC˜ = 2rC˜,
δgmn = 0.
In the transformation (2.13) the parameters ωIJ = −ωJI , aI and r are global parameters
for the D-dimensional Lorentz transformation, the translation and the scale transforma-
tion, respectively. The functions hm(i)(x) are harmonic functions which satisfy ∇mhm(i)(x) =
εmn∇mhn(i)(x) = 0 (i = 1, 2, . . ., 2g; g = genus of two-dimensional spacetime) and αi and
βIi are global parameters.
3 Covariant quantization in the Lagrangian formula-
tion
In this section we consider the covariant quantization of the action (2.12). As we explained
in the previous section, the action has first-stage reducible and open gauge symmetries. In
order to quantize the action we adopt the field-antifield formulation a´ la Batalin-Vilkovisky.
In the construction of Batalin-Vilkovisky formulation [14], ghost and ghost for ghost
fields according to the reducibility condition and corresponding each antifields are intro-
duced. The Grassmann parities of the antifields are opposite to those of the corresponding
fields. If a field has ghost number n, its antifield has ghost number −n − 1. We denote a
set of fields and their antifields by ΦA(x) and Φ∗A(x), respectively,
ΦA(x) =
(
ϕi(x), Ca00 (x), Ca11 (x), . . . , CaNN (x)
)
,
Φ∗A(x) =
(
ϕ∗i (x), C∗0,a0(x), C∗1,a1(x), . . . , C∗N,aN (x)
)
.
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The fields ϕi(x) are classical fields, on the other hand, the fields Cann (x) [n = 0, 1, . . ., N ] are
ghost and ghost for ghost fields corresponding to N -th reducible conditions. The classical
fields ϕi(x) and the ghost fields Cann (x) have the ghost number 0 and n + 1, respectively.
Then a minimal action Smin(Φ,Φ
∗) is determined by solving the following master equation,
(
Smin(Φ,Φ
∗), Smin(Φ,Φ
∗)
)
= 0, (3.1)
with the boundary conditions
Smin(Φ,Φ
∗)
∣∣∣∣
Φ∗=0
= Sclassical(ϕ), (3.2a)
δLδRSmin(Φ,Φ
∗)
δCann δC∗n−1,an−1
∣∣∣∣
Φ∗=0
= Ran−1n,an (Φ), (n = 0, 1, . . . , N). (3.2b)
Here the antibracket is defined by
(X, Y ) ≡ δRX
δΦ∗A
δLY
δΦA
− δRX
δΦA
δLY
δΦ∗A
. (3.3)
In this notation, C∗−1,a−1(x) ≡ ϕ∗i (x) are the antifields of the classical fields ϕi(x). The
terms R
a−1
0,a0(Φ) and R
an−1
n,an
(Φ) represent the gauge transformations and the n-th reducibility
transformations, respectively. The master equation is solved order by order with respect
to the ghost number. The BRST transformations of fields and antifields are given by
sΦA =
(
Smin,Φ
A
)
, sΦ∗A =
(
Smin,Φ
∗
A
)
. (3.4)
Eqs. (3.1) and (3.4) assure that the BRST transformation is nilpotent and the minimal
action is invariant under the BRST transformation∗.
Now let us consider to construct the minimal action Smin(Φ,Φ
∗) of the model. For
simplicity of calculation we first redefine field variables as gˆmn(x) ≡
√
−g(x) gmn(x),
Aˆm(x) ≡
√
−g(x) A˜m(x), BˆmI(x) ≡
√
−g(x) B˜mI(x) and Cˆ(x) ≡
√
−g(x) C˜(x). Using
these new field variables, the classical action (2.12) is rewritten as
Sclassical =
∫
d2x
(
− 1
2
gˆmn∂mξ
I∂nξI − gˆmn∂mφ¯I∂nφI
+ AˆmφI∂mξ
I + BˆmI∂mφI − 1
2
CˆφIφI + (gˆ + 1)Zˆ
)
, (3.5)
where the scalar density field Zˆ(x) is a multiplier whose equation of motion compensates
gˆ(x) ≡ det gˆmn(x) = −1 [19]. We also redefine the gauge transformations (2.4)-(2.6) and
∗Our convention for the Leibniz rule of the BRST operation is given by s(XY ) = (sX)Y +(−)|X|X(sY ),
where |X | is a Grassmann parity of field X .
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(2.11) in terms of these new field variables,
δξI = kn∂nξ
I + v′φI ,
δAˆm = ∂n(k
nAˆm)− ∂nkmAˆn + εmn∂nv + gˆmn∂nv′,
δφI = kn∂nφ
I ,
δφ¯I = kn∂nφ¯
I + u′I ,
δBˆmI = ∂n(k
nBˆmI)− ∂nkmBˆnI + εmn∂nuI + gˆmn∂nu′I (3.6)
− (εmnv − gˆmnv′)∂nξI − wˆmφI ,
δCˆ = ∂n(k
nCˆ) + ∂nwˆ
n + ∂nv
′Aˆn − v′∂nAˆn,
δgˆmn = ∂l(k
lgˆmn)− ∂lkmgˆln − ∂lkngˆml,
δZˆ = ∂n(k
nZˆ),
where we denote wˆm(x) ≡
√
−g(x) w˜m(x). The gauge transformation of the multiplier field
Zˆ(x) is required to keep the action (3.5) invariant under the general coordinate transfor-
mations. The reducibility condition (2.7) is expressed by
δ′uI =w′φI ,
δ′wˆm= εmn∂nw
′.
(3.7)
The classical fields ϕi(x) consist of ξI(x), φI(x), φ¯I(x), Aˆm(x), BˆmI(x), Cˆ(x), gˆmn(x)
and Zˆ(x). Here we introduce the ghost fields a(x), a′(x), bI(x), b′I(x), cˆm(x) and dm(x)
corresponding to the gauge parameters v(x), v′(x), uI(x), u′I(x), wˆm(x) and km(x) and a
ghost for ghost field f(x) to the reducible parameter w′(x). The ghost fields and the ghost
for ghost field are fermionic and bosonic, respectively. Since the U(1)V×U(1)A model is
a first-stage reducible system, the boundary conditions (3.2b) with n = 0, 1 correspond
to the gauge transformations (3.6) and the reducibility conditions (3.7), respectively. It is
straightforward to solve the master equation perturbatively in the order of antifields [22,
23],
Smin = Sclassical
+
∫
d2x
{
− ξ∗I ( dn∂nξI + a′φI )
− Aˆ∗m
(
∂n(d
nAˆm)− ∂ndmAˆn + εmn∂na+ gˆmn∂na′
)
− φ∗I( dn∂nφI )
− φ¯∗I( dn∂nφ¯I + b′I )
9
− Bˆ∗mI
(
∂n(d
nBˆmI)− ∂ndmBˆnI + εmn∂nbI + gˆmn∂nb′I
− (εmna− gˆmna′)∂nξI − cˆmφI + 1
2
(f + aa′)εmnBˆ∗In
)
− Cˆ∗
(
∂n(d
nCˆ) + ∂ncˆ
n + ∂na
′Aˆn − a′∂nAˆn
)
− 1
2
gˆ∗mn
(
∂k(d
kgˆmn)− ∂kdmgˆkn − ∂kdngˆmk
)
− Zˆ∗
(
∂n(d
nZˆ)
)
+ a∗( dn∂na ) + a
′∗( dn∂na
′ ) + b∗I( d
n∂nb
I + fφI ) + b′∗I ( d
n∂nb
′I )
+ cˆ∗m
(
∂n(d
ncˆm)− ∂ndmcˆn + (εmna− gˆmna′)∂na′ + εmn∂nf
)
+ d∗m( d
n∂nd
m )
− f ∗( dn∂nf )
}
. (3.8)
The gauge degrees of freedom are fixed by introducing a nonminimal action which
must be added to the minimal one and choosing a suitable gauge-fixing fermion. We here
choose the orthonormal gauge condition gˆmn(x) = ηmn for the world-sheet metric. The
U(1)V×U(1)A gauge parameters v(x), v′(x) and the global parameter αi make us possible
to choose the gauge Aˆm(x) = 0. In the same way, we can choose the gauge BˆmI(x) = 0
by using the parameters uI(x), u′I(x) and βIi . We also fix the gauge Cˆ(x) = Cˆ0, where Cˆ0
is a constant parameter, by using the gauge parameter wˆm(x). In addition to these gauge
fixing procedure, we also impose the condition ∂m(gˆ
mn(x)εnkcˆ
k(x)) = 0 to fix the residual
gauge degrees of freedom from the reducibility condition. In order to adopt all of these
gauge fixing conditions, we introduce the nonminimal action Snonmin,
Snonmin =
∫
d2x
(
εmnaˆ∗mZ
a
n + ε
mnbˆ∗ImZ
b
nI + cˆ
∗Zc +
1
2
d¯∗mnZdmn − f¯ ∗c′
)
, (3.9)
and the gauge-fixing fermion Ψ,
Ψ =
∫
d2x
(
εmnaˆ
mAˆn + εmnbˆ
m
I Bˆ
nI + c(Cˆ − Cˆ0) + d¯mngˆmn + f¯∂m(gˆmnεnkcˆk)
)
, (3.10)
where we require traceless conditions
ηmnd¯mn = ηmnd¯
∗mn = ηmnZdmn = ηmnZ
d∗mn = 0. (3.11)
The antighost fields aˆm(x), bˆ
I
m(x), c(x), c
′(x) and d¯mn(x) are fermionic fields, and the
auxiliary fields Zam(x), Z
b
mI(x), Z
c(x), Zdmn(x) and f¯(x) are bosonic ones. The ghost
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numbers of the fields are as follows:
f¯ (ghost number = −2)
aˆm, bˆmI , c, c
′, d¯mn (ghost number = −1)
ξI , φI , φ¯I , Aˆm, BˆmI , Cˆ, gˆmn,
Zam, Z
b
mI , Z
c, Zdmn, Zˆ (ghost number = 0)
a, a′, bI , b′I , cˆm, dm (ghost number = 1)
f (ghost number = 2)
The BRST transformations of ΦA(x) and Φ∗A(x) are given by
sΦA =
(
Smin + Snonmin,Φ
A
)
, sΦ∗A =
(
Smin + Snonmin,Φ
∗
A
)
. (3.12)
Therefore, the BRST transformations of fields ΦA(x) are
sξI = dn∂nξ
I + a′φI ,
sAˆm = ∂n(d
nAˆm)− ∂ndmAˆn + εmn∂na + gˆmn∂na′,
sφI = dn∂nφ
I ,
sφ¯I = dn∂nφ¯
I + b′I ,
sBˆmI = ∂n(d
nBˆmI)− ∂ndmBˆnI + εmn∂nbI + gˆmn∂nb′I
− (εmna− gˆmna′)∂nξI − cˆmφI + (f + aa′)εmnBˆ∗In ,
sCˆ = ∂n(d
nCˆ) + ∂ncˆ
n + ∂na
′Aˆn − a′∂nAˆn,
sgˆmn = ∂k(d
kgˆmn)− ∂kdmgˆkn − ∂kdngˆmk, (3.13a)
sZˆ = ∂n(d
nZˆ),
sa = dn∂na,
sa′ = dn∂na
′,
sbI = dn∂nb
I + fφI ,
sb′I = dn∂nb
′I ,
scˆm = ∂n(d
ncˆm)− ∂ndmcˆn + (εmna− gˆmna′)∂na′ + εmn∂nf,
sdm = dn∂nd
m,
sf = dn∂nf,
and
saˆm = εmnZan, sZ
a
m = 0,
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sbˆmI = ε
mnZbnI , sZ
b
mI = 0,
sc = Zc, sZc = 0, (3.13b)
sd¯mn = Z
d
mn, sZ
d
mn = 0,
sf¯ = c′, sc′ = 0.
The antifields are eliminated by using equations Φ∗A(x) = δLΨ/δΦ
A(x). Then the gauge-
fixed action is given by
Sgauge-fixed = Smin + Snonmin
∣∣∣
Φ∗= δΨ
δΦ
=
∫
d2x
{
− 1
2
gˆmn∂mξ
I∂nξI − gˆmn∂mφ¯I∂nφI
+ AˆmφI∂mξ
I + BˆmI∂mφI − 1
2
CˆφIφI + (gˆ + 1)Zˆ
+ εmkaˆ
k
(
∂n(d
nAˆm)− ∂ndmAˆn + εmn∂na+ gˆmn∂na′
)
+ εmk bˆ
k
I
(
∂n(d
nBˆmI)− ∂ndmBˆnI + εmn∂nbI + gˆmn∂nb′I
− (εmna− gˆmna′)∂nξI − cˆmφI − 1
2
(f + aa′)bˆmI
)
− c
(
∂n(d
nCˆ) + ∂ncˆ
n + ∂na
′Aˆn − a′∂nAˆn
)
− 1
2
(
d¯mn − ∂mf¯ εnlcˆl − ∂nf¯ εmlcˆl
)(
∂k(d
kgˆmn)− ∂kdmgˆkn − ∂kdngˆmk
)
+ εmlgˆ
lk∂kf¯
(
∂n(d
ncˆm)− ∂ndmcˆn + (εmna− gˆmna′)∂na′ + εmn∂nf
)
− AˆmZam − BˆmIZbmI + (Cˆ − Cˆ0)Zc +
1
2
gˆmnZdmn − ∂m(gˆmnεnkcˆk) c′
}
=
∫
d2x
{
− 1
2
gˆmn∂mξ
I∂nξI − gˆmn∂mφ¯I∂nφI − gˆmn∂mf¯ ∂nf
−
(
aˆm − εmn∂n(f¯ a) + f¯ gˆmn∂na′ − bˆmI ξI
)(
∂ma + εmkgˆ
kn∂na
′
)
− bˆmI
(
∂m(b
I + aξI) + εmkgˆ
kn∂n(b
′I + a′ξI)
)
− cˆm
(
∂mc+ εmkgˆ
kn∂n(c
′ − dn∂nf¯)
)
+ gˆmnd¯mk∂nd
k − 1
2
gˆmndk∂kd¯mn
− 2abˆmI ∂mξI + εmnbˆmI cˆnφI +
1
2
(f + aa′)εmnbˆ
m
I bˆ
nI
− Aˆm
(
Zam − φI∂mξI − εmndk∂kaˆn − ∂mdkεknaˆn + c∂ma′ + ∂m(ca′)
)
− BˆmI
(
ZbmI − ∂mφI − εmndk∂k bˆnI − ∂mdkεknbˆnI
)
+ Cˆ
(
Zc − 1
2
φIφI − dn∂nc
)
− Cˆ0Zc
+
1
2
gˆmnZdmn + (gˆ + 1)
(
Zˆ − εmn∂m(f¯ a′)∂na′
)}
. (3.14)
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Here, it should be noted that one can remove a BRST exact term −Cˆ0Zc(x) = −s(Cˆ0c(x))
from the above action. An influence of the parameter Cˆ0 disappears at the quantum level.
In order to simplify the form of the action, let us redefine some of fields as follows:
Zam − φI∂mξI − εmndk∂kaˆn − ∂mdkεknaˆn + c∂ma′ + ∂m(ca′)→ Zam,
ZbmI − ∂mφI − εmndk∂k bˆnI − ∂mdkεknbˆnI → ZbmI ,
Zc − 1
2
φIφI − dn∂nc→ Zc,
Zˆ − εmn∂m(f¯ a′)∂na′ → Zˆ,
aˆm − εmn∂n(f¯a) + f¯ gˆmn∂na′ − bˆmI ξI → aˆm,
bI + aξI → bI ,
b′I + a′ξI → b′I ,
c′ − dn∂nf¯ → c′.
Under these field redefinitions, the action (3.14) is modified to
Sgauge-fixed =
∫
d2x
{
− 1
2
gˆmn∂mξ
I∂nξI − gˆmn∂mφ¯I∂nφI − gˆmn∂mf¯∂nf
− aˆm(∂ma + εmkgˆkn∂na′)− bˆmI (∂mbI + εmkgˆkn∂nb′I)
− cˆm(∂mc+ εmkgˆkn∂nc′) + gˆmnd¯mk∂ndk − 1
2
gˆmndk∂kd¯mn
− 2abˆmI ∂mξI + εmnbˆmI cˆnφI +
1
2
(f + aa′)εmnbˆ
m
I bˆ
nI
− AˆmZam − BˆmIZbmI + CˆZc +
1
2
gˆmnZdmn + (gˆ + 1)Zˆ
}
. (3.15)
The BRST transformations (3.13a) and (3.13b) also become
sξI = dn∂nξ
I + a′φI ,
sφI = dn∂nφ
I ,
sφ¯I = dn∂nφ¯
I + b′I − a′ξI ,
sf = dn∂nf,
sf¯ = dn∂nf¯ + c
′,
sa = dn∂na,
sa′ = dn∂na
′,
sbI = dn∂nb
I + (f − aa′)φI ,
sb′I = dn∂nb
′I ,
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sc = dn∂nc+
1
2
φIφI + Z
c,
sc′ = dn∂nc
′,
sdm = dn∂nd
m,
saˆm = ∂n(d
naˆm)− ∂ndmaˆn + εmn(φI∂nξI − ∂nφIξI)− a′ bˆmI φI
− (εmnc− gˆmnc′)∂na′ − εmn∂n(ca′ + c′a) + εmn(Zan − ZbnIξI), (3.16)
sbˆmI = ∂n(d
nbˆmI )− ∂ndmbˆnI + εmn∂nφI + εmnZbnI ,
scˆm = ∂n(d
ncˆm)− ∂ndmcˆn + (εmna− gˆmna′)∂na′ + εmn∂nf,
sd¯mn = Z
d
mn,
sAˆm = ∂n(d
nAˆm)− ∂ndmAˆn + εmn∂na+ gˆmn∂na′,
sBˆmI = ∂n(d
nBˆmI)− ∂ndmBˆnI + εmn∂nbI + gˆmn∂nb′I
− εmn(a∂nξI + ∂n(aξI))− gˆmn∂na′ξI − cˆmφI − (f + aa′)bˆmI ,
sCˆ = ∂n(d
nCˆ) + ∂ncˆ
n + ∂na
′Aˆn − a′∂nAˆn,
sgˆmn = ∂k(d
kgˆmn)− ∂kdmgˆkn − ∂kdngˆmk,
sZam = d
n∂nZ
a
m + ∂md
nZan + Z
c∂ma
′ + ∂m(Z
ca′),
sZbmI = d
n∂nZ
b
mI + ∂md
nZbnI ,
sZc = dn∂nZ
c,
sZdmn = 0,
sZˆ = ∂n(d
nZˆ)− εmn∂m(c′a′)∂na′.
The action (3.15) is invariant under the nilpotent BRST transformations (3.16).
Using equations of motion for the fields Zam(x), Z
b
mI(x), Z
c(x), Zdmn(x), Zˆ(x), Aˆ
m(x),
BˆmI(x), Cˆ(x) and gˆmn(x), thus imposing gauge fixing conditions, we fix fields as
Aˆm = BˆmI = Cˆ = 0, gˆmn = ηmn,
Zam = Z
b
mI = Z
c = 0, Zdmn = Vmn −
1
2
ηmnη
klVkl, Zˆ = − 1
4
ηmnVmn,
(3.17)
where we denote
Vmn =
1
2
∂mξ
I∂nξI + ∂mφ¯
I∂nφI + ∂mf¯ ∂nf
+ aˆkεkm∂na
′ + bˆkIεkm∂nb
′I + cˆkεkm∂nc
′ − d¯mk∂ndk + 1
2
dk∂kd¯mn
+ (m↔ n). (3.18)
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Then, we finally obtain the following gauge-fixed action,
Sgauge-fixed =
∫
d2x
{
− 1
2
ηmn∂mξ
I∂nξI − ηmn∂mφ¯I∂nφI − ηmn∂mf¯ ∂nf
− aˆm(∂ma+ εmn∂na′)− bˆmI (∂mbI + εmn∂nb′I)
− cˆm(∂mc+ εmn∂nc′) + ηmnd¯mk∂ndk
− 2abˆmI ∂mξI + εmnbˆmI cˆnφI +
1
2
(f + aa′)εmnbˆ
m
I bˆ
nI
}
. (3.19)
The action (3.19) is invariant under the following on-shell nilpotent BRST transformation,
in which the antifields and the auxiliary fields are eliminated,
sξI = dn∂nξ
I + a′φI ,
sφI = dn∂nφ
I ,
sφ¯I = dn∂nφ¯
I + b′I − a′ξI ,
sf = dn∂nf,
sf¯ = dn∂nf¯ + c
′,
sa = dn∂na,
sa′ = dn∂na
′,
sbI = dn∂nb
I + (f − aa′)φI ,
sb′I = dn∂nb
′I , (3.20)
sc = dn∂nc+
1
2
φIφI ,
sc′ = dn∂nc
′,
sdm = dn∂nd
m,
saˆm = ∂n(d
naˆm)− ∂ndmaˆn + εmn(φI∂nξI − ∂nφIξI)− a′ bˆmI φI
−(εmnc− ηmnc′)∂na′ − εmn∂n(ca′ + c′a),
sbˆmI = ∂n(d
nbˆmI )− ∂ndmbˆnI + εmn∂nφI ,
scˆm = ∂n(d
ncˆm)− ∂ndmcˆn + (εmna− ηmna′)∂na′ + εmn∂nf,
sd¯mn = Vmn − 1
2
ηmnη
klVkl.
We can check the following relations for the nilpotency of the BRST transformation,
s2cˆm = − 2
(
δLS
δd¯mn
)
a′∂na
′,
s2d¯mn = −
(
δLS
δcˆm
)
a′∂na
′ −
(
δLS
δcˆn
)
a′∂ma
′ + ηmnη
kl
(
δLS
δcˆk
)
a′∂la
′
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+ ηmkηnl
(
δLS
δd¯kl
)
ηpqVpq,
s2(others) = 0.
Now we present a perturbative analysis of the gauge-fixed action. We would like to
investigate the BRSTWard identities at the quantum level. Then, we find out that nonlocal
anomalous terms obtained from one-loop calculations vanish by imposing a condition,
which determines the critical dimension for this string model. For the explicit calculation
it is convenient to introduce light-cone notations on the world-sheet†. Then, the gauge-fixed
action (3.19) is expressed with these notations
Sgauge-fixed =
∫
d2x
{
∂+ξ
I∂−ξI + 2∂+φ¯
I∂−φI + 2∂+f¯ ∂−f
+ aˆ+∂−a+ + aˆ−∂+a− + bˆ+I∂−b
I
+ + bˆ−I∂+b
I
−
+ cˆ+∂−c+ + cˆ−∂+c− − d¯++∂−d+ − d¯−−∂+d−
+ (a+ + a−)( bˆ+I∂−ξ
I + bˆ−I∂+ξ
I )
+φI bˆ+I cˆ− − φI bˆ−I cˆ+ +
(
f +
1
2
a+a−
)
bˆ+I bˆ
I
−
}
, (3.21)
where we denote a±(x) ≡ a(x) ∓ a′(x), bI±(x) ≡ bI(x) ∓ b′I(x) and c±(x) ≡ c(x) ∓ c′(x).
Propagators are derived by taking inverses of bilinear parts in the action (3.21),
〈ξI(x)ξJ(y)〉0 = 〈φ¯I(x)φJ(y)〉0
=
∫
d2p
i(2π)2
1
p2 + iǫ
e−ip(x−y)ηIJ ,
〈f¯(x)f(y)〉0 =
∫
d2p
i(2π)2
1
p2 + iǫ
e−ip(x−y),
〈aˆ±(x)a±(y)〉0 = 〈cˆ±(x)c±(y)〉0 = −〈d¯±±(x)d±(y)〉0
=
∫ d2p
i(2π)2
2ip∓
p2 + iǫ
e−ip(x−y),
〈bˆI±(x)bJ±(y)〉0 =
∫
d2p
i(2π)2
2ip∓
p2 + iǫ
e−ip(x−y)ηIJ .
Now let us consider the following two-point function,
A(p)++ ≡
∫
d2x
i(2π)2
〈V++(x)V++(0)〉 eipx. (3.22)
Here we mention that the two-point function (3.22) should vanish from the BRST sym-
metry V++(x) = sd¯++(x). Estimating all contributions arising from pairs (ξ
I , ξI), (φ¯
I , φI),
†Our convention of the light-cone coordinates on the world-sheet is x± = 1√
2
(x0±x1). The metric tensor
and the Levi-Civita´ symbol are given by η++ = η−− = 0, η+− = η−+ = −1 and ε+− = −ε−+ = −1,
respectively.
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(aˆ+, a+), (bˆ+I , b
I
+), (cˆ+, c+), (d¯++, d
+) and (f¯ , f) we can obtain the following result up to
one-loop order,
A(p)++ =
1
48π3
(
D + 2D − 2− 2D − 2− 26 + 2
)(p−)3
p+
=
D − 28
48π3
(p−)3
p+
. (3.23)
In a similar way we obtain
A(p)−− =
D − 28
48π3
(p+)3
p−
. (3.24)
Next we evaluate the other type of the two-point functions
A(p)+− ≡
∫
d2x
i(2π)2
〈V++(x)V−−(0)〉 eipx
= − D − 8
8π2
∫
dk+dk−
i(2π)2
k+k−
k+k− + iǫ
(p− k)+(p− k)−
(p− k)+(p− k)− + iǫ .
This two-point function is actually quadratically divergent. This divergent, however, will
be absorbed adding a suitable local counter term to the action. We conclude then that the
BRST anomaly vanishes if and only if
D = 28. (3.25)
4 Covariant quantization in the Hamiltonian formu-
lation
In this section we carry out the quantization of the classical action (2.12) in the covariant
Hamiltonian formulation given by Batalin, Fradkin and Vilkovisky. We present that the
gauge-fixed action and the BRST transformation obtained in this formulation coincide with
the result of the Lagrangian formulation if we make a proper choice of a gauge-fermion and
a suitable identification of ghosts and ghost momenta. We also obtain the BRST charge
in this formulation.
First of all we decompose the world-sheet metric gmn(x) by using the following conve-
nient parameterization [17],
gmn =
−N2γ +N21γ N1γ
N1γ γ
 , (4.1)
where N(x) and N1(x) are the rescaled lapse and the shift function, respectively. Under
these parameterization the factor γ(x) decouples from Weyl invariant theory.
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According to the ordinary Dirac’s procedure, we introduce the following canonical mo-
menta defined by PΦA(x) ≡ δLS/δ(∂0ΦA(x)) corresponding to fields ΦA(x),
P Iξ =
1
N
∂0ξ
I − N1
N
∂1ξ
I −A1φI ,
P Iφ =
1
N
∂0φ¯
I − N1
N
∂1φ¯
I − BI1 , (4.2)
P Iφ¯ =
1
N
∂0φ
I − N1
N
∂1φ
I ,
and
PN = PN1 = PAm = P
I
Bm
= PC01 = 0. (4.3)
The relations (4.3) give primary constraints. A consistency check of these primary con-
straints yields a set of secondary constraints
1
2
(
P Iξ PξI + ∂1ξ
I∂1ξI
)
= 0, (4.4)
P Iξ ∂1ξI = 0, (4.5)
φI∂1ξ
I = 0, (4.6)
φIP
I
ξ = 0, (4.7)
∂1φ
I = 0, (4.8)
P Iφ¯ = 0, (4.9)
1
2
φIφI = 0, (4.10)
and these conditions give no other relations. The constraints (4.4) and (4.5) correspond
to the Virasoro constraints. We can easily show that the set of these constraints (4.3)
and (4.4)-(4.10) is first-class. Introducing Lagrange multiplier fields λi(x) corresponding
to primary constraints (4.3), a total Hamiltonian is given by
H =
∫
dx1
{
N
( 1
2
(P Iξ + A1φ
I)(PξI + A1φI) +
1
2
∂1ξ
I∂1ξI
+ (P Iφ +B
I
1)Pφ¯I + ∂1φ¯
I∂1φI
)
+N1
(
(P Iξ + A1φ
I)∂1ξI + (P
I
φ +B
I
1)∂1φI + P
I
φ¯∂1φ¯I
)
−A0φI∂1ξI −BI0∂1φI −
1
2
C01φ
IφI
+ λNPN + λN1PN1 + λAmPAm + λBImP
I
Bm
+ λC01PC01
}
. (4.11)
The total Hamiltonian (4.11) is weakly vanishing on the constraint surface defined by (4.3)
and (4.4)-(4.10). The gauge transformations of the canonical momenta defined by (4.2)
18
are given by
δP Iξ = ∂1
(
k0N∂1ξ
I + (k1 + k0N1)P
I
ξ
)
− ∂1vφI − ∂1
(
k0(A0 −N1A1)φI
)
+ v′P Iφ¯ ,
δP Iφ = −P Iξ
(
v′ + k0NA1
)
+ φI
(
w1 −A1v′ − k0NA21 + k0C01
)
− ∂1
(
uI − k0N∂1φ¯I − (k1 + k0N1)P Iφ + k0(BI0 −N1BI1)
)
+
(
v + k0(A0 −N1A1)
)
∂1ξ
I ,
δP Iφ¯ = ∂1
(
k0N∂1φ
I + (k1 + k0N1)P
I
φ¯
)
.
In the construction of Batalin-Fradkin-Vilkovisky formulation [15] a phase space is
extended so as to contain ghosts ηA(x) and their canonically conjugate ghost momenta
PA(x) corresponding to constraints GηA(x). Then a nilpotent BRST transformation is
constructed and a physical phase space is defined as its cohomology which is a set of
gauge invariant functions on the constraint surface. The role of the ghost momenta is
to exclude functions vanishing on the constraint surface from the cohomology and gauge
invariant functions are removed from the cohomology because of the action of the BRST
transformation for the ghost.
First of all we separate the variables into dynamical and non-dynamical ones. By
adopting gauge conditions N(x) = 1, N1(x) = 0, Am(x) = 0, B
I
m(x) = 0 and C01(x) =
−Cˆ(x) = −Cˆ0 (const.), we have a set of dynamical phase space variables
(
ξI(x), P Jξ (x)
)
,(
φI(x), P Jφ (x)
)
and
(
φ¯I(x), P J
φ¯
(x)
)
with the first-class constraints (4.4)-(4.10).
Here we rearrange the first-class constraints (4.4)-(4.10) into the following forms,
Gη0 =
1
2
(
P Iξ PξI + ∂1ξ
I∂1ξI
)
+ P Iφ¯PφI + ∂1φ¯
I∂1φI ,
Gη1 = P
I
ξ ∂1ξI + P
I
φ¯∂1φ¯I + P
I
φ∂1φI ,
Gη = φI∂1ξ
I ,
Gη′ = φIP
I
ξ , (4.12)
GηI = ∂1φ
I ,
Gη′I = P
I
φ¯ ,
Gη¯ =
1
2
φIφI ,
and introduce corresponding canonically conjugate pairs of ghosts and ghost momenta(
η0(x),P0(x)
)
,
(
η1(x),P1(x)
)
,
(
η(x),P(x)
)
,
(
η′(x),P ′(x)
)
,
(
ηI(x),PJ (x)
)
,
(
η′I(x),P ′J (x)
)
and
(
η¯(x), P¯(x)
)
. Though the rearrangement of the constraints is not inevitable, it turns
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out that to choose these combinations of the constraints is the simplest way to lead to the
gauge-fixed action (3.19) in the covariant Hamiltonian formulation.
As we explained in the previous section, the model has the reducible symmetry. Indeed
the constraints GηI (x) and Gη¯(x) are not independent due to the following relation,
Gη′′ ≡ ∂1Gη¯ − φIGηI = 0. (4.13)
Therefore it is necessary to introduce one more Grassmann even ghost η′′(x) and its mo-
mentum P ′′(x) corresponding to this reducibility condition.
After the step by step construction according to the systematic procedure [22], we
obtain the following BRST transformations in the extended phase space,
sξI = −P Iξ η0 − ∂1ξIη1 − φIη′ − PIη0η + P ′Iη0η′,
sP Iξ = − ∂1(∂1ξIη0)− ∂1(P Iξ η1)− ∂1(φIη) + ∂1(P ′Iη0η)− ∂1(PIη0η′),
sφI = −P Iφ¯η0 − ∂1φIη1,
sP Iφ = − ∂1(∂1φ¯Iη0)− ∂1(P Iφη1) + P Iξ η′ + ∂1ξIη + φI η¯ − ∂1ηI − P ′Iη0η¯ −PIη′′,
sφ¯I = −P Iφη0 − ∂1φ¯Iη1 − η′I ,
sP Iφ¯ = − ∂1(∂1φIη0)− ∂1(P Iφ¯η1),
sη0 = − η0∂1η1 − η1∂1η0,
sP0 = − 1
2
P Iξ PξI −
1
2
∂1ξ
I∂1ξI − P Iφ¯PφI − ∂1φ¯I∂1φI
+P Iξ PIη − P Iξ P ′Iη′ − ∂1ξIP ′Iη + ∂1ξIPIη′ − φIP ′I η¯
+P0∂1η1 + ∂1(P0η1) + P1∂1η0 + ∂1(P1η0) + P ′∂1η + P∂1η′ + P ′I∂1ηI + PI∂1η′I
−PIP ′Iη′′ −P ′′η∂1η −P ′′η′∂1η′ + P ′′η¯∂1η0 + ∂1(P ′′η¯η0),
sη1 = − η0∂1η0 − η1∂1η1,
sP1 = −P Iξ ∂1ξI − P Iφ∂1φI − P Iφ¯∂1φ¯I
+P0∂1η0 + ∂1(P0η0) + P1∂1η1 + ∂1(P1η1)
+P∂1η + P ′∂1η′ + PI∂1ηI + P ′I∂1η′I − ∂1P¯ η¯ −P ′′∂1η′′, (4.14)
sη = − η0∂1η′ − η1∂1η,
sP = −φI∂1ξI − P Iξ PIη0 + ∂1ξIP ′Iη0
+ P¯∂1η′ + ∂1(P¯η′) + ∂1(P ′η0) + ∂1(Pη1) + P ′′η0∂1η + ∂1(P ′′η0η),
sη′ = − η0∂1η − η1∂1η′,
sP ′ = −φIP Iξ + P Iξ P ′Iη0 − ∂1ξIPIη0
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+ P¯∂1η + ∂1(P¯η) + ∂1(Pη0) + ∂1(P ′η1) + P ′′η0∂1η′ + ∂1(P ′′η0η′),
sηI = − η0∂1η′I − η1∂1ηI − ∂1ξIη0η′ − P Iξ η0η − P ′Iη0η′′ + φIη′′,
sPI = − ∂1φI + ∂1(P ′Iη0) + ∂1(PIη1),
sη′I = − η0∂1ηI − η1∂1η′I + φIη0η¯ + P Iξ η0η′ + ∂1ξIη0η + PIη0η′′,
sP ′I = −P Iφ¯ + ∂1(PIη0) + ∂1(P ′Iη1),
sη¯ = − ∂1(η1η¯)− η∂1η′ − η′∂1η + ∂1η′′,
sP¯ = − 1
2
φIφI + φ
IP ′Iη0 + ∂1P¯η1 −P ′′η0∂1η0,
sη′′ = − η1∂1η′′ − η0η∂1η − η0η′∂1η′ − η¯η0∂1η0,
sP ′′ = ∂1P¯ − φIPI − ∂1(P ′′η1) + PIP ′Iη0.
By using the generalized Poisson brackets, a nilpotent BRST charge Ωmin, which realizes
the BRST transformations sX ≡ {Ωmin, X} for any canonical variables X , is defined by
Ωmin =
∫
dx1
{
η0
(
1
2
(
P Iξ PξI + ∂1ξ
I∂1ξI
)
+ P Iφ¯PφI + ∂1φ¯
I∂1φ¯I
)
+ η1
(
P Iξ ∂1ξI + P
I
φ¯∂1φ¯I + P
I
φ∂1φI
)
+ ηφI∂1ξ
I + η′φIP
I
ξ + η
I∂1φI + η
′
IP
I
φ¯ +
1
2
η¯φIφI
+η′′
(
∂1P¯ − φIPI
)
+P Iξ PIη0η − P Iξ P ′Iη0η′ + ξI∂1(P ′Iη0η)− ξI∂1(PIη0η′)− φIP ′Iη0η¯
+P0
(
η0∂1η1 + η1∂1η0
)
+ P1
(
η0∂1η0 + η1∂1η1
)
+P
(
η0∂1η
′ + η1∂1η
)
+ P ′
(
η0∂1η + η1∂1η
′
)
+PI
(
η0∂1η
′I + η1∂1η
I
)
+ P ′I
(
η0∂1η
I + η1∂1η
′I
)
+ P¯
(
η′∂1η + η∂1η
′ + ∂1(η1η¯)
)
+ PIP ′Iη0η′′
+P ′′
(
η1∂1η
′′ + η0η∂1η + η0η
′∂1η
′ + η¯η0∂1η0
)}
. (4.15)
In order to fix the gauge, we extend the phase space further and introduce sets of
canonical variables
(
λ¯(x), λ(x)
)
and
(
ρ¯(x), ρ(x)
)
. Their statics are bosonic for
(
λ¯(x), λ(x)
)
and fermionic for
(
ρ¯(x), ρ(x)
)
and the canonical structures are defined by
{λ¯, λ}=−{λ, λ¯} = 1,
{ρ¯, ρ}= {ρ, ρ¯} = −1.
(4.16)
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BRST transformations are also extended to these variables as
sλ¯= ρ, sρ=0,
sρ¯=λ, sλ=0.
(4.17)
The corresponding extended BRST charge is given by
Ω = Ωmin + Ωnonmin, (4.18)
Ωnonmin = −
∫
dx1 λρ.
Now the gauge-fixed action is obtained by a Legendre transformation from the Hamil-
tonian in the extended phase space,
Sgauge-fixed =
∫
dx0
{ ∫
dx1
(
∂0ξ
IPξI + ∂0φ¯
IPφ¯I + ∂0φ
IPφI
+ ∂0η0P0 + ∂0η1P1 + ∂0ηP + ∂0η′P ′
+ ∂0η
IPI + ∂0η′IP ′I + ∂0η¯P¯ + ∂0η′′P ′′
+ ∂0ρ¯ρ+ ∂0λ¯λ
)
−HK
}
, (4.19)
where HK is a gauge-fixed Hamiltonian expressed by using a gauge-fixing fermion K,
HK = {Ω, K}. (4.20)
The gauge-fixed Hamiltonian HK consists of gauge-fixing terms and ghost parts only since
the total Hamiltonian of the system has vanished. There is no systematic way to find K so
as to yield a covariant expression. Here, however, we can use the result in the Lagrangian
formulation as a clue. Actually we would like to show that the two formulations give
an equivalent result. We have found that the following gauge-fixing fermion K works as
desired
K =
∫
dx1
(
− P0 + η¯∂1λ¯+ ρ¯P ′′
)
. (4.21)
By integrating out the momentum variables P Iξ (x), P
I
φ(x), P
I
φ¯
(x), P ′′(x) and λ(x) with
this gauge-fixing fermion, we obtain the following relations,
P Iξ = ∂0ξ
I + PIη − P ′Iη′,
P Iφ¯ = ∂0φ
I ,
P Iφ = ∂0φ¯
I , (4.22)
λ = ∂0η
′′ − η1∂1ρ¯+ η¯∂1η0 − η∂1η − η′∂1η′,
P ′′ = ∂0λ¯.
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Then, the gauge-fixed action becomes
Sgauge-fixed =
∫
d2x
{
1
2
∂0ξ
I∂0ξI − 1
2
∂1ξ
I∂1ξI
+ ∂0φ¯
I∂0φI − ∂1φ¯I∂1φI
−P0∂0η0 + P1∂1η0 −P1∂0η1 + P0∂1η1
−P∂0η + P ′∂1η −P ′∂0η′ + P∂1η′
−PI∂0ηI + P ′I∂1ηI −P ′I∂0η′I + PI∂1η′I
−P¯∂0η¯ + ρ∂1η¯ − ρ∂0ρ¯+ ρ¯∂1P¯
+ ∂0λ¯∂0η
′′ − ∂1λ¯∂1η′′
+ ∂0ξ
IPIη − ∂1ξIP ′Iη − ∂0ξIP ′Iη′ + ∂1ξIPIη′ − φIP ′I η¯ + φIPI ρ¯
+ ∂1λ¯η∂1η
′ + ∂1λ¯η
′∂1η − ∂1λ¯∂1(η¯η1)
− ∂0λ¯η1∂1ρ¯+ ∂0λ¯η¯∂1η0 − ∂0λ¯η∂1η − ∂0λ¯η′∂1η′
−PIP ′Iη0ρ¯+ PIP ′Iηη′ − PIP ′Iη′′
}
. (4.23)
If we redefine the field variables as:
η0→−d0, P0→−d¯00 − cˆ0∂1f¯ + cˆ1∂0f¯ ,
η1→−d1, P1→−d¯01 + cˆ1∂1f¯ ,
η→ a, P→ aˆ0 − ∂1(f¯a) + f¯∂0a′ + bˆ0IξI ,
η′→−a′, P ′→−aˆ1 + ∂1(f¯a′)− f¯∂0a− bˆ1IξI ,
ηI → bI − aξI , PI → bˆ0I ,
η′I →−b′I + a′ξI , P ′I →−bˆ1I ,
η¯→−cˆ0, P¯ →−c+ d0∂1f¯ ,
η′′→ f + d0cˆ1, λ¯→ f¯ ,
ρ→ c′ + d0∂0f¯ + d1∂1f¯ , ρ¯→ cˆ1,
the action (4.23) and the BRST transformations (4.14) completely coincide with the gauge-
fixed action (3.19) and the on-shell BRST transformations (3.20) in the Lagrangian for-
mulation. After these manipulations we also obtain the final form of the BRST charge
(4.18),
Ω =
∫
dx1
{
−d0
( 1
2
∂0ξ
I∂0ξI +
1
2
∂1ξ
I∂1ξI + ∂0φ¯
I∂0φI + ∂1φ¯
I∂1φI
− aˆ1∂0a′ + aˆ0∂1a′ − bˆ1I∂0b′I + bˆ0I∂1b′I − cˆ1∂0c′ + cˆ0∂1c′
23
+∂0f¯∂0f + ∂1f¯∂1f
)
−d1
(
∂0ξ
I∂1ξI + ∂0φ¯
I∂1φI + ∂1φ¯
I∂0φI
+ aˆ0∂0a
′ − aˆ1∂1a′ + bˆ0I∂0b′I − bˆ1I∂1b′I + cˆ0∂0c′ − cˆ1∂1c′
+∂0f¯∂1f + ∂1f¯∂0f
)
−d¯0ndm∂mdn
−a′(φI∂0ξI − ∂0φIξI) + a(φI∂1ξI − ∂1φIξI)
−b′I∂0φI + bI∂1φI −
1
2
cˆ0φIφI
−c′(∂0f + a∂0a′ + a′∂0a) + c(∂1f + a∂1a′ + a′∂1a)− (f + aa′)bˆ0IφI
}
.
5 Noncovariant quantization in the light-cone gauge
formulation
In this section we investigate the dynamics of the model defined by the constraints (4.3)
and (4.4)-(4.10) and Hamiltonian (4.11) in noncovariant gauge and obtain the same result
of the critical dimension as in the covariant quantization∗. In addition, we present a mass-
shell relation of the model and give low energy quantum states. According to imposing
the noncovariant gauge fixing conditions, we explicitly solve the constraints to some of the
variables from the equations of motion.
We begin by considering conditions for the scalar field φI(τ, σ). It is convenient to
introduce Fourier mode expansions of the canonical pair
(
φI(τ, σ), P Jφ (τ, σ)
)
,
φI(τ, σ)=φI(τ) +
1√
2π
∑
m6=0
φIm(τ)e
imσ,
P Iφ(τ, σ)=
pIφ(τ)
2π
+
1√
2π
∑
m6=0
pIφm(τ)e
imσ.
(5.1)
Poisson brackets are defined by
{φI(τ), pJφ(τ)} = ηIJ ,
{φIm(τ), pJφn(τ)} = ηIJδm+n, (5.2)
otherwise = 0.
In terms of the Fourier modes, the constraint (4.8) is equivalent to φIm(τ) = 0. We will
later adopt a gauge fixing condition for this constraint. On the other hand, the equation of
∗In this section, we use conventions of the world-sheet coordinates as x0 ≡ τ and x1 ≡ σ. We also
parameterize the spatial coordinate as 0 ≤ σ ≤ 2pi and impose the periodical boundary conditions on any
fields ΦA(τ, σ) as ΦA(τ, σ) = ΦA(τ, σ + 2pi).
24
motion for φI(τ, σ) on the constraint surface is ∂τφ
I(τ, σ) = 0. Together with the constraint
φIm(τ) = 0, we then set the configuration of the scalar field as φ
I(τ, σ) = φI(τ) = φI(=
const.).
As we did in the previous section, by using the gauge parameters kn(τ, σ) for the
general coordinate transformations we first adopt gauge fixing conditions for the constraints
PN(τ, σ) = 0 and PN1(τ, σ) = 0 as the orthonormal gauge N(τ, σ) = 1 and N1(τ, σ) = 0.
The U(1)V×U(1)A gauge parameters v(τ, σ), v′(τ, σ) and the global parameters αi can fix
to be Am(τ, σ) = 0 corresponding to the constraints PAm(τ, σ) = 0. However, the system
still has residual symmetries concerned with these gauge parameters kn(τ, σ), v(τ, σ) and
v′(τ, σ). Taking these symmetries into account, we can adopt the following gauge fixing
conditions on “two” light-cone coordinates† of the background spacetime within the gauge
N(τ, σ) = 1, N1(τ, σ) = 0 and Am(τ, σ) = 0,
ξ+(τ, σ)=
p+
2π
τ, P+ξ (τ, σ)=
p+
2π
,
ξ+ˆ(τ, σ)=
p+ˆ
2π
τ, P +ˆξ (τ, σ)=
p+ˆ
2π
,
(5.3)
where p+ and p+ˆ are light-cone components of the center of mass momenta. Therefore we
can eliminate “two” unphysical components of the coordinates of the background space-
time. Indeed the gauge fixing conditions (5.3) correspond to ones for the first-class con-
straints (4.4)-(4.7).
In order to show how these conditions (5.3) are accomplished, we use Fourier mode
expansions of the canonical pair
(
ξI(τ, σ), P Jξ (τ, σ)
)
. Under the gauge N(τ, σ) = 1,
N1(τ, σ) = 0 and Am(τ, σ) = 0, the equations of motion for ξ
I(τ, σ) and P Iξ (τ, σ) turn
to be free wave equations and their solutions are
ξI(τ, σ) =xI +
pI
2π
τ +
i
2
√
π
∑
m6=0
1
m
(
αIme
−im(τ−σ) + α˜Ime
−im(τ+σ)
)
,
P Iξ (τ, σ) =
pI
2π
+
1
2
√
π
∑
m6=0
(
αIme
−im(τ−σ) + α˜Ime
−im(τ+σ)
)
,
(5.4)
and Poisson brackets are given by
{xI , pJ} = ηIJ ,
{αIm, αJn} = {α˜Im, α˜Jn} = −imηIJδm+n, (5.5)
otherwise = 0.
†From the definition of the metric (2.1), we denote the light-cone coordinates of the background space-
time as xI = (x+, x−, xi, x+ˆ, x−ˆ), where x± ≡ 1√
2
(x0 ± xD−3) and x±ˆ ≡ 1√
2
(x0ˆ ± x1ˆ) and the index i runs
through 1, 2, . . . , D − 4.
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In terms of the Fourier modes, the constraints (4.4)-(4.7) are equivalent to
Lm = L˜m = 0, (5.6a)
φIα
I
m = φI α˜
I
m = 0, (5.6b)
where we define the Virasoro generators as
Lm ≡ 1
2
∑
k
αIm−kαIk, L˜m ≡
1
2
∑
k
α˜Im−kα˜Ik,
and we denote αI0 = α˜
I
0 ≡ pI/(2
√
π). The gauge fixing conditions (5.3) are equivalent to
x+ = x+ˆ = 0,
α+m = α
+ˆ
m = α˜
+
m = α˜
+ˆ
m = 0, (m 6= 0).
(5.7)
Now let us explain the procedure to obtain the gauge fixing conditions (5.7). Within
the orthonormal gauge we can perform changes of the background spacetime coordinates
with the gauge parameters kn(τ, σ) provided that conditions ∂τk
τ (τ, σ) = ∂σk
σ(τ, σ) and
∂τk
σ(τ, σ) = ∂σk
τ (τ, σ) are satisfied. Here we take the following parameterizations of
kn(τ, σ) which satisfy these conditions,
k+(τ, σ) ≡ 1√
2
(kτ + kσ) =
1√
2
∑
m
k˜me
−im(τ+σ),
k−(τ, σ) ≡ 1√
2
(kτ − kσ) = 1√
2
∑
m
kme
−im(τ−σ).
In addition to these, the U(1)V×U(1)A gauge parameters v(τ, σ) and v′(τ, σ) can be also
used to perform changes of the coordinates within the gauge Am(τ, σ) = 0 provided that
conditions ∂τv
′(τ, σ) = −∂σv(τ, σ) and ∂τv(τ, σ) = −∂σv′(τ, σ) are satisfied. We take the
following parameterizations of v(τ, σ) and v′(τ, σ) to realize these conditions,
v(τ, σ) = v +
i
2
√
π
∑
m6=0
1
m
(
vme
−im(τ−σ) − v˜me−im(τ+σ)
)
,
v′(τ, σ) = v′ +
i
2
√
π
∑
m6=0
1
m
(
vme
−im(τ−σ) + v˜me
−im(τ+σ)
)
.
The gauge transformations corresponding to these parameters are consistent with the equa-
tions of motion for ξI(τ, σ) and P Iξ (τ, σ). Because, in terms of the Fourier modes, the gauge
transformations are given by
δxI =
1
2
√
π
∑
m
kmα
I
−m +
1
2
√
π
∑
m
k˜mα˜
I
−m + v
′φI ,
δpI =0,
δαIm=−im
∑
n
km−nα
I
n + vmφ
I , (m 6= 0),
δα˜Im=−im
∑
n
k˜m−nα˜
I
n + v˜mφ
I , (m 6= 0).
(5.8)
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It is worth to mention that these gauge transformations are the same ones in usual string
theories, except for the gauge transformations corresponding to the parameters v′, vm
and v˜m. However, we would like to emphasize that these gauge transformations can be
disappear on the following components,
δ(φ+ˆx+ − φ+x+ˆ) = 1
2
√
π
∑
m
(
φ+ˆ(kmα
+
−m + k˜mα˜
+
−m)− φ+(kmα+ˆ−m + k˜mα˜+ˆ−m)
)
,
δ(φ+ˆα+m − φ+α+ˆm) = −im
∑
n
km−n(φ
+ˆα+n − φ+α+ˆn ), (m 6= 0),
δ(φ+ˆα˜+m − φ+α˜+ˆm) = −im
∑
n
k˜m−n(φ
+ˆα˜+n − φ+α˜+ˆn ), (m 6= 0).
By using the gauge degrees of freedom for km and k˜m, which is the same manipulation to
realize the light-cone gauge fixing condition in usual string theories, we can adopt gauge
conditions
φ+ˆx+ − φ+x+ˆ = 0,
φ+ˆα+m − φ+α+ˆm = 0, (m 6= 0), (5.9)
φ+ˆα˜+m − φ+α˜+ˆm = 0, (m 6= 0),
if the following condition is satisfied,
φ+ˆp+ − φ+p+ˆ 6= 0. (5.10)
Next we use the gauge degrees of freedom for v′, vm and v˜m in (5.8). To keep the condition
(5.10) both of the scalar fields φ+ˆ and φ+ can not be vanish simultaneously. If φ+ˆ 6= 0, we
can adopt the following gauge fixing conditions of the +ˆ component,
x+ˆ = 0,
α+ˆm = α˜
+ˆ
m = 0, (m 6= 0),
(5.11)
without spoiling the gauge fixing conditions (5.9). From (5.9) and (5.11) we can then obtain
the gauge fixing conditions (5.7). In the similar way, we also conclude the same gauge fixing
conditions (5.7), in the case φ+ 6= 0. Therefore without the loss of the generality we choose
the case φ+ˆ 6= 0 throughout the rest of this paper.
We next adopt the gauge fixing condition Cτσ(τ, σ) = −Cˆ(τ, σ) = −Cˆ0 (const.) with
respect to constraints PCτσ(τ, σ) = 0, by using the gauge parameter wm(τ, σ). Within
this gauge we also have a residual gauge symmetry corresponding to the gauge parameter
wm(= const.) which will be used later.
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Using the remaining gauge parameters uI(τ, σ) and u′I(τ, σ), we can further impose
gauge fixing conditions for the constraints P I
φ¯
(τ, σ) = 0, P IBm(τ, σ) = 0 and ∂σφ
I(τ, σ) = 0.
In order to specify the gauge fixing condition it is also convenient to introduce Fourier
mode expansions. We list below these for the canonical pairs
(
φ¯I(τ, σ), P J
φ¯
(τ, σ)
)
and(
BIm(τ, σ), P
J
Bm
(τ, σ)
)
and their Poisson brackets:
• (φ¯I , P J
φ¯
) sector:
φ¯I(τ, σ)= φ¯I(τ) +
1√
2π
∑
m6=0
φ¯Im(τ)e
imσ,
P I
φ¯
(τ, σ)=
pI
φ¯
(τ)
2π
+
1√
2π
∑
m6=0
pIφ¯m(τ)e
imσ,
(5.12)
and Poisson brackets,
{φ¯I(τ), pJφ¯(τ)} = ηIJ ,
{φ¯Im(τ), pJφ¯n(τ)} = ηIJδm+n, (5.13)
otherwise = 0.
• (BIτ , P JBτ ) sector:
BIτ (τ, σ)=B
I
τ (τ) +
1√
2π
∑
m6=0
BIτm(τ)e
imσ,
P IBτ (τ, σ)=
pIBτ (τ)
2π
+
1√
2π
∑
m6=0
pIBτm(τ)e
imσ,
(5.14)
and Poisson brackets,
{BIτ (τ), pJBτ (τ)} = ηIJ ,
{BIτm(τ), pJBτn(τ)} = ηIJδm+n, (5.15)
otherwise = 0,
and the similar relations for (BIσ, P
J
Bσ
).
Then, equations of motion for φ¯I(τ, σ) and P Iφ(τ, σ),
∂τ φ¯
I(τ, σ)=P Iφ(τ, σ) +B
I
σ(τ, σ),
∂τP
I
φ(τ, σ)= ∂
2
σφ¯
I(τ, σ)− ∂σBIτ (τ, σ)− Cˆ0φI ,
(5.16)
are expressed by the Fourier modes,
∂τ φ¯
I(τ) =
pIφ(τ)
2π
+BIσ(τ), (5.17a)
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∂τ φ¯
I
m(τ) = p
I
φm(τ) +B
I
σm(τ), (5.17b)
∂τp
I
φ(τ) = −2πCˆ0φI , (5.17c)
∂τp
I
φm(τ) = −m2φ¯Im(τ)− imBIτm(τ). (5.17d)
The equation of motion (5.17c) for the non-oscillator mode of P Iφ (τ, σ) can be solved as
pIφ(τ) = p
I
φ − 2πCˆ0φIτ, (5.18)
where pIφ is a zero-mode and Poisson bracket is defined by
{φI , pJφ} = ηIJ . (5.19)
On the Fourier components, the constraints P I
φ¯
(τ, σ) = 0, P IBm(τ, σ) = 0 and ∂σφ
I(τ, σ) = 0
are equivalent to
pI
φ¯
(τ) = pI
φ¯m
(τ) = 0,
pIBτ (τ) = p
I
Bτm
(τ) = 0,
pIBσ(τ) = p
I
Bσm
(τ) = 0,
φIm(τ) = 0.
(5.20)
Now we impose gauge fixing conditions corresponding to the constraints (5.20). The gauge
fixing conditions are determined so as to be compatible with the equations of motion
(5.17a)-(5.17d). By making the gauge transformations
δφ¯I = u′I ,
δBIτ = ∂τu
I + ∂σu
′I ,
δBIσ = ∂τu
′I + ∂σu
I ,
δP Iφ = −∂σuI ,
with gauge parameters
uI(τ, σ) = −
∫ τ
dτ ′BIτ (τ
′)− i√
2π
∑
m6=0
1
m
pIφm(τ)e
imσ,
u′I(τ, σ) = − φ¯I(τ)− 1√
2π
∑
m6=0
φ¯Im(τ)e
imσ,
and the equations of motion (5.17a)-(5.17d), we obtain the following gauge fixing condi-
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tions,
φ¯I(τ) = φ¯Im(τ) = 0,
BIτ (τ) = B
I
τm(τ) = 0,
BIσ(τ) = −
pIφ(τ)
2π
, BIσm(τ) = 0,
pIφm(τ) = 0.
(5.21)
Finally we consider the constraint
1
2
φIφI = 0. (5.22)
As we explained, the model has still residual gauge symmetry wσ(= const.) within the
gauge Cτσ(τ, σ) = −Cˆ0. Using this symmetry
δP Iφ = φ
Iwσ,
we can make the one of the zero-mode components of P Iφ(τ, σ) to be vanish. By taking the
case φ+ˆ 6= 0 and choosing the gauge parameter wσ as
wσ = −
p+ˆφ
2πφ+ˆ
,
we impose a gauge fixing condition
p+ˆφ = 0. (5.23)
We shall here summarize the correspondence between the constraints (5.6a), (5.6b),
(5.20) and (5.22) and the gauge fixing conditions (5.7), (5.21) and (5.23) obtained from
the above manipulation within the gauge N(τ, σ) = 1, N1(τ, σ) = 0, Am(τ, σ) = 0 and
Cτσ(τ, σ) = −Cˆ0:
constraints gauge fixing conditions
L0 + L˜0 = 0, x
+ = 0,
Lm = L˜m = 0, α
+
m = α˜
+
m = 0, (m 6= 0),
φIp
I = 0, x+ˆ = 0,
φIα
I
m = φI α˜
I
m = 0, α
+ˆ
m = α˜
+ˆ
m = 0, (m 6= 0),
pIφ¯(τ) = p
I
φ¯m(τ) = 0, φ¯
I(τ) = φ¯Im(τ) = 0,
pIBτ (τ) = p
I
Bτm
(τ) = 0, BIτ (τ) = B
I
τm(τ) = 0,
pIBσ(τ) = p
I
Bσm
(τ) = 0, BIσ(τ) = −
pIφ(τ)
2π
, BIσm(τ) = 0,
φIm(τ) = 0, p
I
φm(τ) = 0,
1
2
φIφI = 0, p
+ˆ
φ = 0.
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Under these gauge fixing conditions, the dynamics of the model is described by the zero-
modes and the oscillator modes of the transverse string coordinates ξi(τ, σ), the zero-modes
of light-cone coordinates ξ±ˆ(τ, σ) and ξ±(τ, σ) and the zero-modes of the fields φI(τ, σ) and
P Iφ(τ, σ)
(
= −BIσ(τ, σ)
)
.
In fact these gauge conditions completely fix the gauge degrees of freedom and these are
consistent with the equations of motion. As the constraints are quadratic in the Fourier
modes, we can solve the constraints directly and the dependent variables are expressed in
terms of the independent variables. Here are the independent canonical variables
{x−, p+} = {x−ˆ, p+ˆ} = −1,
{xi, pj} = δij ,
{αim, αjn} = {α˜im, α˜jn} = −imδijδm+n, (5.24)
{φ+, p−φ } = {φ−, p+φ } = {φ+ˆ, p−ˆφ } = −1,
{φi, pjφ} = δij ,
and the remaining non-vanishing dependent variables are
p− =
−1
φ+ˆp+ − φ+p+ˆ
{
p+ˆp+ˆ
φ+ˆ
(
φ+φ− − 1
2
φiφi
)
−p+ˆ
(
φ−p+ − φipi
)
− 2πφ+ˆ
(
Ltr0 + L˜
tr
0
)}
,
α−m =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆφiαmi − 2
√
πφ+ˆLtrm
)
, (m 6= 0),
α˜−m =
−1
φ+ˆp+ − φ+p+ˆ
(
p+ˆφiα˜mi − 2
√
πφ+ˆL˜trm
)
, (m 6= 0),
p−ˆ =
1
φ+ˆp+ − φ+p+ˆ
{
p+ˆp+
φ+ˆ
(
φ+φ− − 1
2
φiφi
)
(5.25)
−p+
(
φ−p+ − φipi
)
− 2πφ+
(
Ltr0 + L˜
tr
0
)}
,
α−ˆm =
1
φ+ˆp+ − φ+p+ˆ
(
p+φiαmi − 2
√
πφ+Ltrm
)
, (m 6= 0),
α˜−ˆm =
1
φ+ˆp+ − φ+p+ˆ
(
p+φiα˜mi − 2
√
πφ+L˜trm
)
, (m 6= 0),
φ−ˆ = − 1
φ+ˆ
(
φ+φ− − 1
2
φiφi
)
,
where the transverse parts of the Virasoro generators Ltrm and L˜
tr
m are defined by
Ltrm ≡
1
2
∑
k
αim−kαik, L˜
tr
m ≡
1
2
∑
k
α˜im−kα˜ik.
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Now let us investigate the symmetry of the D-dimensional background spacetime. The
translation and the Lorentz transformation generators derived from the classical action
(2.12) are given by
P I ≡
∫ 2pi
0
dσ P Iξ
= pI , (5.26a)
M IJ ≡
∫ 2pi
0
dσ
(
ξIP Jξ + φ
IP Jφ + φ¯
IP Jφ¯ +B
I
τP
J
Bτ
+BIσP
J
Bσ
− (I ↔ J)
)
= xIpJ − i
2
∑
m6=0
1
m
(
αI−mα
J
m + α˜
I
−mα˜
J
m
)
+ φIpJφ − (I ↔ J). (5.26b)
Using the independent canonical variables (5.24), the Poincare´ algebra ISO(D − 2, 2) is
satisfied,
{P I , P J} = 0,
{M IJ , PK} = ηIKP J − ηJKP I , (5.27)
{M IJ ,MKL} = ηIKMJL − ηJKM IL − ηILMJK + ηJLM IK ,
if the level matching condition Ltr0 = L˜
tr
0 is imposed. Conversely, the gauge fixing procedure
we considered is the way to preserve the full D-dimensional Poincare´ symmetry.
According to the ordinary string theories in the light-cone gauge, we have to examine
Poincare´ algebra (5.27) in the quantum theory [21]. The checking of the Poincare´ algebra
is again straightforward, except for commutation relations [M i−,M j−], [M i−ˆ,M j−ˆ], and
[M i−,M j−ˆ]. After lengthy computation, we can obtain the following results,
[M i−,M j−] =
4πφ+ˆ
2
(φ+ˆp+ − φ+p+ˆ)2A
ij ,
[M i−ˆ,M j−ˆ] =
4πφ+
2
(φ+ˆp+ − φ+p+ˆ)2A
ij , (5.28)
[M i−,M j−ˆ] = iδijM−−ˆ − 4πφ
+ˆφ+
(φ+ˆp+ − φ+p+ˆ)2A
ij .
An anomalous term Aij is
Aij = −2
(
1− D − 4
24
) ∞∑
m=1
m
(
αi−mα
j
m + α˜
i
−mα˜
j
m − (i↔ j)
)
+
(
a0 − D − 4
12
) ∞∑
m=1
1
m
(
αi−mα
j
m + α˜
i
−mα˜
j
m − (i↔ j)
)
,
where the constant a0 denotes the ordering ambiguity of the sum L
tr
0 + L˜
tr
0 in (5.25) by
adopting the normal-ordering prescription. The anomalous term Aij vanishes if and only
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if
D = 28, a0 = 2. (5.29)
Then, the Poincare´ algebra ISO(26, 2) is satisfied in the quantum theory.
A mass-shell relation of this string model is given by
m2 = −P IPI
= 4π
(
N + N˜ − a0
)
, (5.30)
where level operators N and N˜ are defined by
N ≡
∞∑
m=1
αi−mαim, N˜ ≡
∞∑
m=1
α˜i−mα˜im.
The level matching condition Ltr0 = L˜
tr
0 is then expressed as N = N˜ . Therefore, this
closed bosonic string model also involves tachyon in the ground state and graviton gIJ(ξ),
two-form field BIJ(ξ) and dilaton φ(ξ) in the first excited massless state.
6 Conclusions and discussions
We have investigated the quantization of the U(1)V×U(1)A bosonic string model in two-
dimensional quantum field theory. Even though the system has reducible and open gauge
symmetries, we have shown that the covariant quantization has been successfully carried
out in the Lagrangian formulation a´ la Batalin and Vilkovisky. In the covariant Batalin-
Fradkin-Vilkovisky Hamiltonian formulation, we have considered the first-class constraints
and the constraint algebra corresponding to the gauge symmetries and led to the same
gauge-fixed action and BRST transformation as those of the Lagrangian formulation un-
der the proper choice of the gauge-fermion and the identification of the fields. In addition
we have obtained the BRST charge which generates the BRST transformations. Further-
more we have presented the noncovariant light-cone gauge formulation and investigated
the symmetry of the background spacetime. With careful considerations of residual gauge
symmetries, we have specified the gauge fixing conditions corresponding to the first-class
constraints. Under these suitable conditions, we have been able to clarify dynamical in-
dependent variables and solve the first-class constraints explicitly. Although manifest co-
variance has been lost, we have confirmed the full D-dimensional Poincare´ algebra of the
background spacetime by direct computation.
Since the quantizations of the model have been successfully carried out, we can argue
the critical dimension of the string model. In our case, it turns to be 26+2. This means the
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background spacetime involves two time-like coordinates. Conversely, the requirement of
two negative signatures in the background metric is natural one due to the gauge invariance
of our model. The critical dimension has been obtained from both the BRST Ward identity
in the BRST formulation and the D-dimensional quantum Poincare´ algebra in the nonco-
variant light-cone gauge formulation. Therefore, we have concluded a consistent quantum
theory of our U(1)V×U(1)A string model has only been formulated in 26+2-dimensional
background spacetime. We have also considered the quantum states from the mass-shell
relation. Contributions toward the mass-shell relation from zero-modes of the scalar field
φI(x) are completely canceled, so that our closed bosonic string model possesses the same
spectra as usual string theories.
We propose the quantum U(1)V×U(1)A string model as a device to formulate the physics
involving two time coordinates. In the formulation, the generalized Chern-Simons action
has played an important role. From this viewpoint, it would be interesting to consider a
low energy effective action which might be derived from our formulation of string theory. If
we consider a background gauge field AI(ξ) which could be obtained from our open string
or superstring model, it should have an additional gauge symmetry δAI(ξ) = φIΩ(ξ),
where Ω(ξ) is a gauge parameter and φI is a constant null field, corresponding to the
constraints (5.6b). Such a gauge symmetry has been discussed in the formulation of 10+2-
dimensional supersymmetric Yang-Mills theory [3]. In this context, the generalized Chern-
Simons action [12] which can be formulated in arbitrary dimensions is also supposed to be
useful for constructing the low energy effective action.
The form of the classical action (2.12) suggests that this model should be more naturally
defined in higher-dimensional field theories, namely, that membranes or p-branes are more
fundamental than strings in our formulation. Actually, the action (2.12) is derived from a
membrane action by adopting a compactification prescription. The U(1)V×U(1)A string
model might be the first useful example which suggests higher-dimensional object like
membrane or p-brane in the framework of perturbative field theory without using the
concept of “string duality”.
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Appendix A. Two-dimensional world-sheet
The two-dimensional spacetime coordinates are denoted by xm(= (τ, σ)). The two-
dimensional flat metric ηmn and Levi-Civita´ symbol εmn are given by
ηmn = η
mn =
( −1 0
0 1
)
, εmn = −εmn =
(
0 1
−1 0
)
.
In the curved two-dimensional spacetime, the metric is given by gmn(x) and the covariant
derivative ∇m operates to fields as
∇mVn = ∂mVn − ΓlmnVl,
∇mV n = ∂mV n + ΓnmlV l,
where Γlmn is the Christoffel symbol defined by Γ
l
mn =
1
2
glk(∂mgkn + ∂ngmk − ∂kgmn).
The functional derivative with respect to a symmetric tensor V mn(x) = V nm(x) is
δV mn(x)
δV kl(y)
= (δmk δ
n
l + δ
m
l δ
n
k ) δ(x− y).
Then, the antibracket (3.3) is explicitly written as
(X, Y ) =
δRX
δξ∗I
δLY
δξI
+
δRX
δAˆ∗m
δLY
δAˆm
+
1
2
δRX
δgˆ∗mn
δLY
δgˆmn
+ . . . .
Appendix B. Generalized Poisson bracket
A generalized Poisson bracket [22] is defined by
{F,G} ≡
(
δLF
δϕi
δLG
δPϕi
− δLF
δPϕi
δLG
δϕi
)
+ (−)|F |
(
δLF
δθα
δLG
δPθα
+
δLF
δPθα
δLG
δθα
)
,
where canonical variables ϕi and Pϕi are bosonic, and θ
α and Pθα are fermionic. In the
above definition the contraction of the indices contains the integration of space or spacetime
and |F | is the Grassmann parity of F . This generalized Poisson bracket will be replaced
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by the graded commutation relation multiplied by −i upon quantization, as usual. The
explicit forms of the basic Poisson brackets are given by
{ϕi, Pϕj} = −{Pϕj , ϕi} = δij,
{θα, Pθβ} = {Pθβ , θα} = −δαβ .
The algebraic properties of the Poisson bracket are as follows:
{F,G} = −(−)|F ||G|{G,F},
{F1F2, G} = F1{F2, G}+ (−)|G||F2|{F1, G}F2.
Appendix C. BRST formulation of U(1)V×U(1)A model without
two-dimensional gravity
In this appendix we summarize the Lagrangian BRST quantization of U(1)V×U(1)A
model without two-dimensional gravity. Since the quantization of this model is much
simpler than that of the model coupled with two-dimensional gravity we have investigated
throughout this paper, the following result might be helpful to understand the quantization
of the U(1)V×U(1)A gauge structure.
The action of U(1)V×U(1)A model without two-dimensional gravity is
S =
∫
d2x
(
− 1
2
ηmn∂mξ
I∂nξI − ηmn∂mφ¯I∂nφI
+ A˜mφI∂mξ
I + B˜mI∂mφI − 1
2
C˜φIφI
)
, (C.1)
which is invariant under the following local gauge transformation,
δξI = v′φI ,
δφI =0,
δφ¯I = u′I ,
δA˜m= εmn∂nv + η
mn∂nv
′,
δB˜mI = εmn∂nu
I + ηmn∂nu
′I − vεmn∂nξI + v′ηmn∂nξI − w˜mφI ,
δC˜ = ∂mw˜
m + ∂mv
′A˜m − v′∂mA˜m.
(C.2)
After performing the BRST formulation, one obtains the following gauge-fixed action
Sgauge-fixed =
∫
d2x
{
− 1
2
ηmn∂mξ
I∂nξI − ηmn∂mφ¯I∂nφI − ηmn∂mf¯∂nf
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− aˆm(∂ma+ εmn∂na′)− bˆmI (∂mbI + εmn∂nb′I)
− cˆm(∂mc+ εmn∂nc′)
− 2abˆmI ∂mξI + εmnbˆmI cˆnφI +
1
2
(f + aa′)εmnbˆ
m
I bˆ
nI
}
. (C.3)
The action (C.3) is invariant under the nilpotent BRST transformations
sξI = a′φI ,
sφI = 0,
sφ¯I = b′I − a′ξI ,
sf = 0,
sf¯ = c′,
sa = 0,
sa′ = 0,
sbI = (f − aa′)φI , (C.4)
sb′I = 0,
sc =
1
2
φIφI ,
sc′ = 0,
saˆm = εmn(φI∂nξ
I − ∂nφIξI)− a′ bˆmI φI
− (εmnc− ηmnc′)∂na′ − εmn∂n(ca′ + c′a),
sbˆmI = ε
mn∂nφI ,
scˆm = (εmna− ηmna′)∂na′ + εmn∂nf.
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